Abstract-Queuing by patients in the out-patients department to access hospital services in Nigeria teaching hospitals is a teething concern to most healthcare providers. This causes inconvenience to patients and economic costs to the hospitals. Patients waiting for minutes, hours, days or months to receive medical services could result in waiting costs to them. Providing too much service could result in excessive costs. Also not providing adequate services could result in excessive waiting and costs. This study sought to determine an optimal server level and at a minimum total cost which include waiting and service costs in homogenous servers in order to reduce patients' congestions in the hospital as low as reasonably practicable. The queuing characteristics in all the twenty-three (23) teaching hospitals in Nigeria were analysed using a Multi-server Queuing Model and the waiting and service costs determined with a view to ascertaining the optimal service level. The data for this study were collected through observations and interviews. The data was analysed using Quantitative Methods, Production and Operations Management (POM QM) and Queuing Theory Calculator Software as well as using descriptive analysis. The results of the analysis demonstrated that average queue length, waiting time of patients as well as over utilization of specialist doctors at the teaching hospitals could be reduced at an optimal server level and at a minimum total cost as against their present server level with high total cost which include waiting and service costs. Therefore, this call for refocusing so as to improve the overall patient care in our cultural context and meet the patient needs in our environment.
I. INTRODUCTION
Queues are formed when the demand for a service exceeds its supply [1] . Queuing up for services is a common phenomenon; we queue up for services in the restaurants, banks, schools, supermarkets, filling stations, hospitals, etc. Literature on queuing indicates that Queuing Theory is used as a tool in directing the allocations of increasingly scarce resources. Queuing has the advantage of producing simple models using less data while including randomness [2] and it also helps managers to determine the optimal supply of fixed resources necessary to meet a variable demand. Health policy formulators and hospital administrators have sought to apply queuing model in all facets of healthcare system [3] [4] . The use of queuing network techniques allows us to capture the stochastic nature of arrivals and service time that is typical in healthcare system [5] [3] [6] [2]. However, the most proposed queuing methods lack real world validation and perhaps for this reason are yet to be embraced by most physicians and hospital administrators [3] . The total patient's demand requiring a service from time to time constitute the size of arrival and the provision of service using certain rule and discharge of patients is referred to as departure process [7] . Departure in hospitals means home discharge, admission or death [8] . The effect of queuing in relation to time spent for patients to access treatment is increasing becoming a major source of concern to a modern society that is currently exposes to great significant progress in technological advancement and speed in healthcare institutions [9] . Therefore, the flow of patients at the out-patient department (OPD) in each of the twenty-three (23) teaching hospitals that the researchers investigated is outrageous. OPD is largely visited by large section of communities and it is the first contact between a patient and a hospital staff. The major problem faced by the patients in that department is overcrowding as a result of delay in consultation. In many hospitals, patients come to the OPD without prior appointment and they have to wait for a long time to receive medical service. A few of the factors that are responsible for long waiting line in providing services are: overloading of available doctors, doctors attending to patients in more than one hospitals, lack of passion and commitment to work on the part of hospital staff, etc. The danger of keeping patients waiting could result in excessive cost to them. This is because the time wasted on the queue would have been judiciously utilized elsewhere, that is the opportunity cost of time spent in queuing. In a hospital system, healthcare providers must decide on what level of service to offer. In the short run, a low level service may be inexpensive, but, may incur high costs that could lead to patient dissatisfaction. On the other hand, a high level service will reduce the cost of patients waiting time, but will cost more to provide. Thus, a trade-off is determine between the costs in providing better service and waiting time of patients. The objective of this study is to minimize the total cost to the system. Having considered these points mentioned above, this research proposes to evaluate the patients waiting costs in terms of the performance measures and also determine the optimal level of service that reduces the total cost of service and cost of waiting as low as reasonably practicable.
II. RELATED WORK
While several papers have been written on queuing related issues, they usually deal with a queuing problem when people have to wait in a queue, especially when the waiting time is longer than their [10] individual waiting time threshold , Lean Six Sigma methodologies utilization to redesign patient flow [11] processes, patients arrival time and service time unknown in advance [12] and the factors that influence the behaviour of the arriving customers and the service points which include [13] utilization of the capacity, defined as the percentage of the total service time that the hospitals are actively providing the service, variability of the arrival of customers and of the service times, and the level of inventory, defined here as the number of people in the queue and the people that get served. The queuing theory in healthcare organizations is very beneficial. Queuing models are useful in that they provide solutions to problems of waiting that are particularly relevant in health care. More generally, they illustrate the strengths of modelling in health care research [14] and service delivery. Studies in [15] and [16] described the contributions and applications of queuing theory in the field of healthcare. However, another study identified that Rapid Cycle Changes, specifically the Plan-Do-StudyAct (PDSA) cycle, have been an effective tool [17] for patient flow improvement. The tools for healthcare analysis have been developed over decades by researchers [14] in Operations Research (OR). A study [18] surveys the potential of OR in helping reduce hospital delays, with an emphasis on queuing models [19] and a new electronic data collection system for capturing physician delays. Another study [20] examined OR to reduce the waiting time in the hospital-admitting department. They conducted their studies in five faces, from the collection of data to actual improvement in the quality of the health care delivery system. It follows to say that with greater capability in this field, operational research and management science can play a significant role in global health [21] and that Operation research embodies wide range of techniques [22] that can improve the way we plan and organize health services. According to Martha and Sarah [23] smoothing the flow of patients in and out of hospitals and other health care settings can help to reduce overcrowding, prevent poor handoffs, and avoid delays, all of which may worsen as more people gain access to insurance coverage and care and [24] the study of health care delay is an application of the discipline of queuing theory. Another study [25] analysed that the cost of a dissatisfied customer is not negligible, the study described that waiting in line is a primary source of dissatisfaction.
III. MATERIALS AND METHODS
The study area is Nigeria and the data for this study were collected from the twenty-three (23) teaching hospitals located in different parts of Nigeria. The data were collected for four (4) weeks in each teaching hospital and the method employed during data collection were direct observation and personal interview from the staffs and the patients who visited the OPD. In this queuing system, the arrivals of patients are assumed to follow Poisson Process and service times are assumed to follow Exponential Distribution. The number of server is assumed to be C, providing service independently of each other. Servers here represent only available doctors but no other medical personnel. The queue discipline is First Come, First Served (FCFS) basis by any of the server and there is no limit to the number of the queue. No server stays idle as long as there are patients to serve. It was assumed that the service providers are working at their full capacity and the average number of arrival is greater than average time. It is also assumed that the arriving patients form a queue and the one at the head of the waiting line enters into service as soon as a server is free.
A. The Queueing Model
The model adopted in this research is the (M/M/C): (∞/∞/FCFS)-Multi-server Queuing Model. It is assumed that patients' arrivals follow a Poisson Probability Distribution at an average number of λ patients per hour. The service times are distributed exponentially; with an average of μ per hour and number of server C. It is also assumed that the queuing discipline is First Come, First Served basis by any of the Servers (Specialist Doctors). If there are n patients in the queuing system at any given time, then the following two cases may arise:
I. If n < C, (number of patients in the system is less than the number of server(s)), then there will be no queue. However, (C-n) number of servers will not be busy. Then, the combined service time will be μ n = nμ; n < C. II. If n > =C, (number of patients in the system is more than or equal to the number of servers) then all servers will be busy and the maximum number of patients in the queue will be (n-C). The combined service time will be μ n = Cμ; n>=C.
From the model, the probabilities are given below [26] [27] . The probability of having n patients in the system is given by
. (1) The probability that there is no patient in the system, that is, the servers are idle P 0 is
Next are the formulas for performance measures of the queuing system. The expected number of the patients waiting on the queue (queue length) is given as
Expected number of the patients in the system is
Expected waiting time of patients in the queue is .
Expected time a patient spends in the system is .
System utilization (fraction of time the servers are busy) are (7) Where = the average number of patients per hour, μ= the service time per hour, C = the number of doctors/servers, P 0 = the probability that there are no patients in the system, Lq = expected number of patients in the queue, Ls = expected number of patients in the system, Wq = expected time a patient spends in the queue and Ws = expected time a patient spend in the system.
B. Cost Analysis Model
Two opposing costs must be considered in order to evaluate and determine the optimum cost and number of servers in the system. They are: service costs and waiting time costs of patients. The analysis of these costs help the management to make a trade-off between the increased costs of providing better service by the specialists and the decreased waiting time costs of patients derived from providing that service. Therefore, Expected Service Cost (Esc) is given as Esc =CCc.
Where, C= number of servers, Cc = service costs of each server. Expected Waiting Costs in the system is given by EWc = ( ) Cw [28] .
Where = number of arrivals, Ws = expected time a patient spends in the system, Cw = Opportunity Cost of waiting by patients.
Adding - (8),‖ and - (9),‖ to compute the Expected Total Costs (ETc) is given below as, ETc = CCc + ( Ws) Cw (10) IV. ANALYSIS OF DATA Table 1 displays the number of patients' arrival per hour ( ), service time ( ) and server (C) of the twentythree (23) teaching hospitals surveyed. Tables 2-6 show the Performance measures of Multi-Server Queuing Model and optimality cost in OPD at the twenty three (23) teaching hospitals surveyed by the researchers. It should be noted that we used the average values for and where they have the same servers (C) and they are grouped together in a table because they display homogenous characteristics within the range of the twenty-three (23) hospitals. We use Quantitative Methods, Production and Operations Management (POM QM) and Queuing Theory Calculator Software to compute their performance measures and total costs of the multi-server queuing system at the twenty three (23) teaching hospitals. Table 2 to Table 6 show the performance measures of multi-server queuing model and optimality cost in OPD at the twenty-three teaching hospitals surveyed by the researchers. It should be noted that the researchers used the average values for the number of patients' arrivals and the service time where they have homogenous servers and grouped them together separately as shown in Table 2 to Table 6 because they have homogenous servers within the twenty-three (23) Fig.1 to Fig. 4 is the graphical representation of Table  2 . In Fig. 1 , we describe the Expected Total Cost (ETc) against the number of doctors(C). As observed, ETc initially decreases and at a point started increasing with increasing number of doctors. It is also noticed in Fig. 2 that the utilization factor (ρ) decreases with increasing patients' waiting time in the queue and the utilization factor falls downwards as the number of doctors rise up in Fig. 3 as shown below. The utilization factor (ρ) and average waiting time in the system (Ws) increase as shown in Fig. 4 Similarly, Table 3 to Table 6 summarizes the performance measures of multi-server queuing model and optimality cost in the OPD at the remaining nineteen (19) teaching hospitals. Fig.5 to Fig. 20 are the graphical representations of Table 3 to Table 6 . Fig.5 to Fig. 20 follow the same pattern with Fig.1 to Fig. 4 of group-A. However, from the Fig. 1 to Fig. 20 , it is evident that ETc is optimum at a given number of server (C) and that patient's congestion and expected waiting time in the system are less than at the optimum server level. From Fig. 5 to Fig.8 of group-B, it is noticed that in Fig. 5 , the ETc initially decreases and at a given point started increasing with increasing number of doctors. It is also noticed in Fig. 6 that utilization factor decreases with increasing patients' waiting time in the queue and utilization factor decreases as the number of doctors increasing in Fig. 7 respectively. Fig. 8 showed that the utilization factor increases as the average waiting time in the system increases. Similarly, from Fig. 9 to Fig. 12 of group-C as shown below, it is shown that in Fig. 9 , the ETc initially falls downwards and at a given point started increasing with increasing number of doctors. It is also showed in Fig.  10 that the utilization factor decreases with increasing patients' waiting time in the queue, utilization factor falls downwards as the number of doctors increasing in Fig. 11 and Fig. 12 showed that the utilization factor increases as the average waiting time in the system increases respectively. In the same vein, from Fig.13 to Fig. 16 of group-D as shown, it shows that Fig. 13 below initially decreases and after a given optimum point started increasing with increasing number of doctors. It is also showed in Fig. 14 below that utilization factor decreases with increasing patients' waiting time in the queue, utilization factor decreases as the number of doctors increasing in Fig. 15 and Fig. 16 showed that the utilization factor increases as the average waiting time in the system increases respectively. Similarly, in Fig.17 to Fig. 20 of group-E as shown below, Fig. 17 demonstrated that the ETc initially reduces and after a given optimum point started increasing with increasing number of doctors. It is also shown in Fig. 18 below that utilization factor decreases with increasing patients' waiting time in the queue and utilization factor decreases as the number of doctors increasing in Fig. 19 respectively. Fig. 20 showed that the utilization factor increases as the average waiting time in the system increases respectively. VI. DISCUSSION Table 2 of group-A teaching hospitals depicts that a 26-number of doctors is better than a 24-number of doctors in terms of the performance criteria used. With regard to cost considerations, a 26-number of doctors in the system records the lowest cost of N 185,243.9 compared to a 24-number of doctors that records N 225,873.9. These costs included the waiting cost and the service costs in the hospital. The average time a patient spends in the system and the queue are 0.0789 and 0.0123 hours respectively for a 26-number of doctors. Table 3 shows that optimal server level at the four teaching hospitals of group-B is achieved when the number of servers is 28 with a lowest expected total cost of N 195,167.5 per hour, having 0.0749 hour average patient time spends in the system and 0.0083 hour in the queue respectively . Table 4 indicates that optimum server level at the four (4) teaching hospitals of group-C, OOUTH, DELSUTH, UNTH and NAUTH is achieved when the number of servers is 28 with a lowest expected total cost of N 197,621.7 per hour, having 0.096 hour average patient time spends in the system and 0.0127 hour in the queue. Similarly, 29 and 31 number of doctors/servers with a minimum total cost of N 205,588.2 and N 218,293.2 per hour are indicated in Table 5 and Table 6 of group-D and group-E respectively. It should be noted that their patients' average wait time in the system and queue at their optimal server levels are 0.083, 0.0116 hour and 0.0633 and 0.0077 hour respectively. The present study has shown that the time patients spend on the queue before seeing a doctor affects their satisfaction significantly.
V. RESULTS

VII. CONCLUSION
The results of the analysis showed that average queue length, congestion and waiting time of patients in the system and queue could be cut down when the service capacity level of doctors at the twenty three(23) teaching hospitals are increased at a lowest expected total costs(which include waiting and service costs) as shown in tables 1-6. The study also recognizes the trade-off between the costs of rendering effective services and the costs of patients waiting time. As the hospitals attempt to raise its level of service, service costs increases which decrease the costs of patients' waiting time. Whereas, this could be possible by using operation research models that look at optimality cost and should meet six aim to cross quality chasm of research [29] 
